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Let X, be the tangent space at eH of the reductive symmetric space G/H, and let 
G, denote the group of afline transformations of X,, generated by the translations 
and the natural action of H. We show that any joint eigenspace of the G,,-invariant 
differential operators on X0 is scalarly irreducible under the action of Go. This holds 
in particular for a Riemannian symmetric space of the non-compact type, where G,, 
is the Cartan motion group. ( 1987 Academic Press. Inc 
1. INTRODUCTION 
Let G/H be a reductive symmetric space, that is, G is a connected real 
reductive Lie group and H is the identity component of the set of fixed 
points for an involution cr of G. Let X0 denote the tangent space to X at the 
point eH, and let G, be the group of transformations of X0 generated by 
the translations and the natural action of H on X0. We can then identify X0 
with the quotient space Go/H. The present note deals with harmonic 
analysis on this symmetric homogeneous space. 
More specifically, let D(GJH) denote the algebra of GO-invariant dif- 
ferential operators on X0 and let x: D(G,/H) -+ @ be any map. Let &(X0) 
and 9(X,) denote the spaces of, respectively, Cm-functions and dis- 
tributions on X0. We equip 8(X,) with its standard Frechet topology, and 
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9(X,) with the strong dual topology. Let &X=&Z(XO) and 9;=9k(X,) 
denote the closed subspaces of these spaces consisting of the solutions ,f to 
the system of equations 
4f = x(D)f (VD E WGOIW). 
On each of these joint eigenspaces there is a natural, strongly continuous 
representation 7cy of Go originating from the action of G, on X,. It is our 
purpose to study some irreducibility properties of these eigenspace 
representations of G,. 
If G/H is a Riemannian symmetric space of the non-compact type 
(equivalently, if G is semisimple and H compact), G, is a so-called Cartan 
motion group (cf. [2]). In this case the irreducibility properties of 4 have 
been studied by Helgason and by the second author. Helgason proved [2, 
Theorem 6.61 that 4 is topologically irreducible (i.e., has no invariant 
closed subspaces) under the Cartan motion group if and only if x is 
“regular” (definition [2, p. 3163). For arbitrary x the second author proved 
[6, Theorem S] a weaker irreducibility property: 8, is scalarly irreducible 
under the Cartan motion group, that is, multiplications by scalars are the 
only continuous G,-intertwining operators on &, . 
In contrast to the special case of the Cartan motion groups, a general 
solution to the question of topological irreducibility of 8x is apparently 
unknown. Helgason’s proof seems not to generalize since it involves 
integration over the group H which need no longer be compact. With 
scalar irreducibility the situation is different, though. We prove 
THEOREM 1. The eigenspace representation (7cy, gL) is scalarlv irreducible 
.fbr any map x: D(G,/H) + @. 
The proof is similar to that of [6] for the Cartan motion group, relying 
on the results of Kostant and Rallis [3]. 
The irreducibility properties of (n,, 9;) equal those of (x7, &L): 
THEOREM 1’. The eigenspace representation (xx, 2;) is scalarly 
irreducihle,for any map x: D(G,/H) -+ C. 
Topological irreducibility of the eigenspace representation (xX, gX) 
implies its scalar irreducibility [6, Theorem 121. In view of Theorem I and 
Helgason’s result it thus seems reasonable to expect that (7c/, gZ) (and 
(xX, 9;)) is topologically irreducible when x is regular. 
As a special case of Theorem 1 we mention the following. Let p and q be 
non-negative integers and let Cl,,, be the corresponding generalized wave 
operator given by 
(7’ &2+ . . . +&&- . . . -- 
. 1 -P P+’ ax;,; 
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As is well known, the natural action of the group SO,( p, q) on &(Rpf y, 
commutes with q ,,,. 
THEOREM 2. If i E @ and p + q 3 2 then the eigenspaces 
and 
are scalarly irreducible under the natural action of the inhomogeneous group 
~P+Yx.,SO”(P, 9). 
Indeed, we obtain Theorem 2 from Theorem 1 by considering the real 
hyperboloid 
GIH = Sod P, q + 1 )lSO,( P, q), 
since D(G,/H) in this case consists of the polynomials in El,,,, and G, may 
be identified with the semidirect product Rp+yx,SO,,(p, q) in its action on 
[WPfY 
Taking q = 0 we obtain the special case of the Laplace operator on Rp, 
which was treated in [6]. 
When i is positive the equation 0 ,,sf= &f is known from quantum 
mechanics-it is the Klein-Gordon equation, and G, = R4x,,S00( 1, 3) is the 
PoincarP group. 
2. NOTATION AND PRELIMINARY RESULTS 
Let q be the Lie algebra of G and let 0 also denote the involution of g 
which is the differential of the given involution CJ of G. Let g = h 0 q be the 
decomposition of g into eigenspaces for C. Then h is the Lie algebra of H 
and q may be identified with the tangent space X,,. Via this identification 
the action of H on X0 is transferred to the adjoint action on q. 
Let H, be the centralizer of X0 z q in H. 
LEMMA 1. H, is a closed normal subgroup of G. 
Proof: Let h, E H, and gEG. We want to prove that gh, g-‘E H,. 
Since G is generated by H and exp q it suffices to assume that g belongs to 
one of these sets. In both cases gh, g-’ E H, is clear, and the lemma 
follows. 1 
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Factoring out H, , i.e., replacing G by G/H, and H by H/H,, we shall 
from now on assume that the centralizer of X, in H is trivial. We can then 
identify G,, with the semidirect product X,,x,, H (A’, as a translation group 
being the normal subgroup). Note that Go/H is a symmetric space, the 
involution of G, being defined by (X, h) -+ ( -A’, h) for XE X, and h E H. 
Let G, be the adjoint group of the complexification g, of g. By the 
assumption made above we may identify H with its adjoint image in G, By 
complexification of c we get involutions, also denoted U, of g, and G, 
Denoting by H, the identity component of the group of o-fixed elements in 
G, we see that H c H,.. 
The center c of g is contained in q by our assumption on H, and thus 
q = ([q, g] n q) @ c. By extension of the Killing form on [q, q] there exists 
an H-invariant, non-degenerate, symmetric, bilinear form B on q. 
Let gn c g, be a non-compact (i.e., [gIw, g,] is a non-compact semisimple 
Lie algebra) real form (necessarily reductive) invariant under cr, such that 
the restriction of cr is a Cartan involution of qM (for instance we can choose 
gIR such that gw = [g,, gw] 0 c and [g,, gw] = [g, g]” in the notation of 14, 
p. 1511. The non-compactness then follows from our assumption on H). 
Let c-h=f,Orh be the corresponding Cartan decomposition, then 
@,I,. = 6, and (P,),. = q, 
Let S(q) be the symmetric algebra over q, with complex coefficients, and 
let Z(q) denote the set of H-invariants in S(q). Each element .YE S(q) defines 
a constant coefficient differential operator S(.u) on A’,, z q, and in this way 
we get an algebra isomorphism 8 of Z(q) onto D(G,/H). Since q, = (no,), we 
also have an obvious homomorphism between Z(q) and the algebra Z(y,,) of 
f,-invariants in the complex symmetric algebra over pa. By Chevalley’s 
result ([ 1, p. 4321, which is easily extended to our reductive case) it then 
follows that Z(q) is a polynomial ring with, say, r algebraically independent 
homogeneous generators U, ,..., u,. E Z(q). 
For any 4 E @’ we define a homomorphism xr: D(G,/H) -+ C by 
x&a(u,)) = 5, (,i= l,..., u), and denote by &< and 9: the eigenspaces R, and 
9;:. Obviously any nontrivial joint eigenspace 8, or Ir> on G,,jH has this 
form for some unique < E C3’. 
3. ORBITS ON q, 
We need some results about the orbits of H,. in qc, or rather (which is 
the same, using the H-invariant form B) on the linear dual qf. The main 
reference is Kostant and Rallis [3] (applied with their 8, I, p, and K equal 
to our u, I,, q,., and H,.). 
Identifying the elements of S(q) with polynomials on q,* we define a map 
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U: q,* -+ C’ by U(X) = (u,(x),..., U,(X)) for x E q,*. Our objects of study are 
the algebraic sets u-‘(c) c q: for 5 EC’. 
PROPOSITION 1 (Kostant and Rallis). Let <E @’ and veS(q). Then v 
vanishes on u ~ ’ (5) if and only if v belongs to the ideal in S(q) generated by 
Ul - 51,**., u, - g,. 
Proof: See [3, p. 797, Theorem 141. 1 
Let Y denote the set of semisimple elements in q, (i.e., elements x E q, 
such that ad x is diagonahzable). Via B we identify u-‘(t) with a subset of 
qc. 
PROPOSITION 2 (Kostant and Rallis). Each set u I(<)(5 E C) is the 
union of finitely many H,-orbits. There is exactly one closed H,.-orbit in 
u-‘(c), and this is u-‘(t) n Y. 
Proof: Let GP denote the group of cr-fixed elements in G,.. By [3, p. 761, 
Proposition 1 ] H,. has finite index in G:, and G:. x = H, . x for any x E .Y 
(cf. [3, p. 783, Remark 121). The proposition is then contained in [3, 
p. 785, Theorem 91. 1 
From Proposition 2 we obtain the following observation (which we 
could not find stated in the literature). 
PROPOSITION 3. For each ?j E @’ the set u- ‘(5) is connected. 
Proof Each H,.-orbit is connected, since H,. is. In particular u ~ ‘(r ) n .4p 
is connected by Proposition 2. According to [3, p. 782, Lemma 1 I] the 
closure of each H,.-orbit in u-‘(5) meets up’(t)nY. Thus ~‘(5) is a 
union of connected sets (viz. the closures of the H,.-orbits), each of which 
intersects the connected set u-‘(t) n Y. Therefore u ~ I(<) is connected. m 
4. PROOF OF THEOREM 1 
For x E q,* we define a function e., E 6(X,,) by 
e,(Y) = e<r-Y) 
for YE X0 z q. For any v E S(q) we have 
and hence e,X E &&,. 
8v)e, = v(x)e, 
A well known result, due to B. Malgrange, is that the exponential 
solutions to a constant coefftcient homogeneous differential equation span 
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a dense subspace of the solution space. A crucial point in our argumen- 
tation is that the purely exponential solutions suffice in our case, 
PROPOSITION 4. Let 4 E Cr. The functions e, for x E u-‘( 5) span a dense 
subspace of (ru, . 
Proof. Proposition 1 + [6, Proposition 3(y)]. 1 
COROLLARY. Let 5 E 6)‘. The functions e, for x E u ‘(5) span a dense 
subspace of 9:. 
Proof. This is obvious because &< is dense in .%; (convolution by 
approximate identity) and the topology that 9’ induces on 8 is weaker 
than the original topology on 8. 1 
We are now ready to prove Theorem 1. At this point we could actually 
refer to [6, Theorem 61, but for completeness we give a direct proof. At the 
same time we prove Theorem 1’. 
Let 4 EC’ and let A: 8c -+ &; (resp. 9; -+ 2;) be a continuous inter- 
twining linear operator. Using the intertwining property of A one proves 
easily that 
Ae, = a(x)e, (XE 2.4 -‘(5)) 
for some function a: 24 ‘(0 -+ C, constant along the orbits of H in u ‘(<I. 
We claim that a is constant even along the orbits of H,. in up ‘(5). To see 
this fix x E u ~ ‘(0 and let U be the space of elements f in 8c (resp. &?I;) 
satisfying Af = a(x)f. The claim is that eh.V E U for all h E H,., and to justify 
this it suffices (by Hahn-Banach) to see that if ~(EE’(X,,) (resp. ALE GS(X,)) 
and (p, f) = 0 for all f E U then (p, e,,.r) = 0 for all h E H, . Indeed this 
follows by analyticity since the function h -+ (p, e,r.r) is analytic on H,. (the 
Fourier transform of p being holomorphic on q,*), and (p, eh\-) = 0 for 
hEH. 
Now by Proposition 2 the continuous function a on u ‘( 5) takes finitely 
many values, so by Proposition 3 it is constant. Finally Proposition 4 (resp. 
its corollary) implies that A is a scalar, completing the proof of Theorem I 
(resp. Theorem 1’). 1 
5. REMARKS 
We have proved Theorems 1 and 1’ at the same time. Actually it is a 
general fact that (n,, &X) is scalarly (resp. topologically ) irreducible if and 
only if (rcX, 9;) is scalarly (resp. topologically ) irreducible. This can be 
found in [S, Corollary 7 and Proposition 81 (resp. [5, Proposition 41). 
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The topology on &V(X,,) that we refer to, is the strong dual topology. 
However, Theorem 1’ also holds, with the same proof, when g’(X,) is 
equipped with its weak topology. 
Finally we remark that the irreducibility of the distribution eigenspace 
5BI, shows a strong contrast to the space ~7’; of tempered eigendistributions 
on X0 (equipped with the weak topology from the Schwartz space Y(X,,)). 
For instance, in the physically interesting case of G/H= 
SO,( 1,4),/SO,( 1,3) we have that the space 5““; of tempered solutions to the 
Klein-Gordon equation via the Fourier transform is isomorphic to the 
space of tempered distributions on R4 satisfying the equation uT=IT, 
where u is the polynomial U(X) = xt -xi -x: - xi. When iti > 0 this space is 
the direct sum of the two invariant subspaces consisting of the solutions T 
supported in {x1 > 0) and {x, CO}, respectively (called solutions of 
positive and negative energy, respectively, cf. [7, p. 2161). 
Thus YP; is reducible, both scalarly and topologically. 
6. FURTHER EXAMPLES 
(1) Let G = R” with a(x) = -x for x E R”. Then X0 z R”, G, con- 
sists of all the translations and D(G,/H) is the algebra of all constant coef- 
ficient differential operators. In the notation of Section 2 we have r = n and 
can take @uj) = a/ax,, j = l,..., n. Then &” is the one-dimensional space 
spanned by the exponential function et, so in this case the irreducibility is 
trivial. 
(2) The conclusion of Theorem 2 fails when p + q = 1. In this case 
&, = & consists of the solution fc P(R) to the equation (d’/dx’)f= 3Lf, 
Go consists of translations only, and A = d/dx is a non-scalar intertwining 
operator. In order to repair the statement for this case we can replace 
G = SOO( 1, 1) with the disconnected group 0( 1, 1) and H = { 1) with 0( 1). 
Then we still have X,, z IR but now G, also contains the reflection in o, and 
then the eigenspace J$ is easily seen to be scalarly irreducible. Note, 
however, that by taking G = 0( 1, 1) we have brought ourselves outside 
Harish-Chandra’s class of real reductive groups [8, p. 1921, and our 
assumption that Ad H c G, fails. 
(3) Let G, be a connected real reductive Lie group and let 
G = G, x G, with a(x, JJ) = (y, x). Then G/H is isomorphic to G, and X0 to 
gr, the Lie algebra of G,. In this case Go=g,xsGl and D(G,/H) is the 
algebra of G,-invariant constant coefficient differential operators on g, . 
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